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T r a n s v e r s e  flow of an i n c o m p r e s s i b l e  f lu id  o v e r  a p l a t e  o s c i l l a t i n g  in i t s  own p l a n e  i s  a n a l y z e d  
f o r  the  c a s e  in which m a t t e r  i s  i n j e c t e d  o r  w i t h d r a w n  th rough  the  s u r f a c e .  The  p r o b l e m  is  r e -  
duced  to a s y s t e m  of o r d i n a r y  d i f f e r e n t i a l  equa t ions ,  which  i s  s o l v e d  by the Newton method .  I t  
is  shown that  the  f low can  be  r e p r e s e n t e d  a s  a s u p e r p o s i t i o n  of s t e a d y  and n o n s t e a d y  f i e l d s .  
T h e  p r o p a g a t i o n  of v e l o c i t y  p e r t u r b a t i o n s  has  the  f o r m  of a d a m p e d  w a v e  a t  any f r e q u e n c i e s .  
An a p p r o x i m a t i v e  me thod  i s  p r o p o s e d  f o r  d e t e r m i n i n g  the  f r i c t i o n a l  s t r e s s .  

T h e  ana logous  p r o b l e m  f o r  an i m p e r v i o u s  p l a t e  has  been  t r e a t e d  in [1, 2]. 

In the  p r e s e n t  s tudy  w e  g e n e r a l i z e  the  r e s u l t s  of [1, 2] to the  c a s e  of u n i f o r m  suc t ion  f r o m  o r  i n j ec t i on  
into the  b o u n d a r y  l a y e r  of a m e d i u m  i d e n t i c a l  to the  f lu id  f lowing  o v e r  the  p la te .  

The  ve loc i ty  f i e ld  is  d e s c r i b e d  by the  s y s t e m  of equa t ions  and b o u n d a r y  c o n d i t i o n s  

ot ' u .-ZTz + v-~".v = ~ -t- v @--'r, o:~ . ,9.,r 

ul:,= o =acosco t ,  vli,~o =:vw, u l , j _ ~ = : U = c x  
(:) 

The  v e l o c i t y  c o m p o n e n t s  a r e  sought  in the  f o r m  

u = c x ] ' ( r l ) - ] - a V X 2 - ' , - Y Z c o s ( o , t - l - q , ) ,  v . . . .  l /~v / (rl) 

1/- < x Y (2) 
q : :  ---~ y, cosq~ = 1 / - ~  , sinq) -- l / . ~ y  ~ 

A s s u m i n g  tha t  the  so lu t ion  f o r  the  s t e a d y - s t a t e  p r o b l e m  m u s t  r e s u l t  f r o m  (2) when a = 0,  w e  have  f o r  
the  d e t e r m i n a t i o n  of f(rT) 

1"' i- . t1" --1,2 + I = 0 

s u b j e c t  to the  b o u n d a r y  c o n d i t i o n s  

/ (0)--  - vu ,  / lfUv=: - l w ,  1' (0)--0, /1',,-~ - 1 

T h e  quan t i t i e s  X and Y a r e  found f r o m  the  s y s t e m  

X "  --  / X '  - -  / ' X  = --r - I Y ,  Y" -~- / Y '  - -  ] ' Y  =: o c - l X  

x ( 0 ) = l ,  xl,. ..... = 0 ,  Y ( 0 ) : : 0 ,  Yl~. .~=0 

The  va lues  of the  l ag  a n g l e  .~ a r e  g iven  in T a b l e  1. The  funct ion qg(V ) is  a l m o s t  l i n e a r .  It fo l lows  f r o m  
the  l a t t e r  s t a t e m e n t  and the  b e h a v i o r  of the a m p l i t u d e s  x. X/-~+Y z (Table  2) tha t  the  p r o p a g a t i o n  of the  v e l o c i t y  
p e r t u r b a t i o n s  a t  an)' f r e q u e n c i e s  has  the  f o r m  of a d a m p e d  wave  ana logous  to a s h e a r  w a v e  on a p l a t e  o s c i l -  
l a t i n g  in a f luid at  r e s t .  
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T A B L E  1 

~iv = 1 ! w = - 1  

~ c  ea  e. 

0.0 
0 .4  
0.8 
1.2 
t . 6  
2.0 
2.4 
2.8 
3 .2  
3.6 
4.0 

0.25 

0.000 
0.049 
0.095 
0. t39 
0. t 80 
0.220 
0.258 
0.293 
0.326 
0.355 
0.,387 

0.000 
0.185 
0.359 
0.525 
0.685 
0.838 
O. 985 
t .124 

.256 
t .378 
1.493 

5.0 

0.000 
0.557 
1.161 
1.725 
2.282 
2.833 
3.376 
3.909 
4.429 
4.934 
5.42t 

0.0 
0.2 
0.4 
0.6 
0.8 
t . 0  
1.2 
t . 4  
t . 6  
t . 8  
2.0 

6.25 1 .o 

0.(xX) 0 .000  
0.019 0.076 
0.0:~ 0.t47 
0.055 0.215 
0.07t 0.279 
0.087 0 .:~4f 
0. t02 0.40t 
0 . t t 7  0.459 
0.13t 0.515 
0.144 0.568 
0. t57 0.620 

5.a 

0 .()0(-) 
0.281 
0.55,3 
0.818 
1.078 
1.332 
t .58t  
t .826 
2.065 
2 .299  
2. 527 

T A B L E  2 

IW = l I w  = - t  
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0.8 
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2.4 
2.8 
3.2 
3.6 
4.0 

1.0000 
0.8479 
0.6722 
0.4965 
0.3393 
0.2128 
0.1214 
0.0624 
0.0286 
0.0t17 
0.0O42 

I.o 

1.0000 
0.8t98 
0.6316 
o.4548 
0.3039 
0.1869 
0.t048 
0.0531 
0.024'1 
0.0097 
0.0035 

5.0 

1.0(XX) 
0.6249 
0.3738 
0.2116 
0.1t23 
0.0554 
0.0252 
0.0105 
0.0040 
0.0014 
0.0004 

0.0 
0.2 
0.6 
0.6 
0.8 
1.0 
1.2 
1.4 
1.6 
1.8 
2.0 

o.25 

t .  000~) 
0.7244 
0.5087 
0.3464 
0.2287 
0.1464 
0.0908 
0.0X45 
0.03|7 
0.0178 
0.0097 

t.0 

1 .()O~x) 
0.7182 
0.51 it 36 
0.3387 
0. 222i 
0.t-I16 
0.0874 
0.0-,23 
o.0303 
o.0t70 
u.0092 

5.0 

t .00~) 
0.6436 
0.4059 
O. 2503 
0.1507 
0.0885 
0.0506 
0.0282 
0.0t 5:~ 
0.0()81 
0.0041 

T i l e  s u p p r e s s a n t  a c t i o n  of  t h e  e x t e r n a l  f l o w  in  t h e  i n v e s t i g a t e d  p r o c e s s  l i m i t s  t h e  v e l o c i t y  a t  a f i x e d  

p o i n t  in  s p a c e  t o  t h e  v a l u e  

A (q, ]w) = V A'-' + Y~I . . . . . .  0 (3) 

If the f requency  i s  so  high that the v e l o c i t y  per turbat ions  do not have  t i m e  to reach  va lues  c o n s i s t e n t  
with Eq. (3), the  a m p l i t u d e s  a r e  d ic tated  by the s a m e  f a c t o r s  as  a s h e a r  w a v e .  The  nonsteady  c o m p o n e n t  can 
be a p p r o x i m a t e d  by the re la t ion  [3] 

ut  = a e x p [ - - n ( ~ / c ,  ] w ) ~ l l c o s [ ( o t - - m ( ~ / c ,  ] w )  ~]1 (4) 

n = m = V ~ 2c for ] w  = 0 
(5) 

It is  jus t i f iab le  to u s e  Eq. (4) if exp (-m?) < A ( • , f w ) .  When the o p p o s i t e  condi t ion  ho lds ,  re la t ion  (4) 

m u s t  be r e p l a c e d  by the re la t ion  

u,  = a A  (T I, ] w )  COS ( O~t - -  m q )  

T h e  d i m e n s i o n l e s s  f r i c t i o n a l  s t r e s s  a t  l o w  f r e q u e n c i e s  i s  w r i t t e n  i n  t h e  f o r m  

t a% ~--o = A ' ( 0 ,  fw)cosco t  + m s i n c o t  
a a n (6 )  

a n d  a t  h i g h  f r e q u e n c i e s  in  t h e  f o r m  

t aut ~=0 a &l = - -  n c o s  r -k  m s i n  cot (7 )  

A s u i t a b l e  c a n d i d a t e  f o r  t h e  t h r e s h o l d  f r e q u e n c y  s e p a r a t i n g  t h e s e  i n t e r v a l s  i s  t h e  f r e q u e n c y  w0 a t  w h i c h  
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the exponential in Eq. (4) coincides with the function A0? , fw) near  the surface.  The indicated value is given 
by the equation 

{-~ exp [ - -n  ((oo, ]w) lq]}~=~ = - - n  ((oo, ]w)=  A' (0, fw)  (8) 

The solid curves  in Fig. 1 r epresen t  the fr ict ional  s t ress  amplitude calculated by means of the exact 
solution according to the expression 

-~q~.-o -= cx/" (0) a M  cos (cot -4- S b "4- :~), M := ] /A  '~ (0) + Y'Z (0) + 

and the dashed curves  represent  the same quantity calculated by the approximative method, i.e., according 
to Eq. (6) for  w<~0 and according to Eq. (7) for  w>~0. The curves  a re  numbered as follows: 1 ) f  w = - 3 ;  2) 
- 2 ;  3) - 1 ;  4) 0; 5) 0.5; 6) 1. 

Fo r  w = 0 we have m = 0, the motion is quasi-s teady,  and the fr ict ional  s t ress  var ies  in phase with 
the velocity of the surface.  F o r  o~ ~ 0 the oscil lat ions of the per ipheral  fluid layers  lag behind the osc i l la -  
tions of layers  c lo se r  to the surface.  This effect yields an additional fr ict ional s t r e s s  component m sin (wt). 

At very low frequencies m << A' (0,fw),  the growth of the frictional s t r e s s  amplitude is slower, and 
then it acce lera tes .  This growth is at tr ibutable to the increase  in the lag angles with frequency. 

F o r  ~ > u~ both components of the velocity gradient increase.  Consequently, the growth of the indicated 
amplitudes becomes faster .  At f w  = 0 the frictional s t r e s s  amplitude is proportional to ~ F o r f w < 0  
the velocity amplitudes decrease ,  and the absolute value of the derivat ive A ' ( 0 , f w  ) increases .  The f r i c -  
tional s t r e ss  is therefore  g rea te r  with suction than in the c a s e f w  = 0. F o r  higher frequencies ~0 Eq. (8) is 
satisfied, so that the low-frequency zone extends higher. Injection has the opposite effect. 

Inasmuch as suction increases  the role of the f i rs t  coefficient in Eq. (6), the lead angle ~ increases  
more  slowly in this case  (Fig. 2). With injection the lead angle increases  so rapidly that for  a cer ta in  value 
of Jw/c  it exceeds the limiting value corresponding to ~/w/c~,r 
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